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Abstract-A new approach based on the Markov chain theory is utilized to derive three explicit matrix 
relations for the total exchange areas of the zone method. These relations are identical to those published 
earlier. The same method is used to derive a single explicit matrix relation for the total exchange areas. This 

expression is so general that it covers the same function as the aforementioned relations. 

1. INTRODUCTION 

THE RESULTING equations of a differential formulation 
for radiation in encfosures with gas participation are 
extremely complex to be solved analytically. Therefore, 
when the geometry under consideration is complicated, 
the zone method suggested by Hottel et aZ. [l, 21 is 
generally adopted to analyze radiative exchange in 
enclosures. In this method the space for which the 
radiation exchange has to be calculated is divided into a 
number of zones. Each zone is assumed to have a 
uniform temperature and constant thermal properties. 
This method leads to a set of non-linear algebraic 
equations which can be solved numerically for 
tem~ratures and heat fluxes by means of N~s’ rapidly 
converging method [3]. 

Recently, Noble [4] developed a set ofexplicit matrix 
relations for the calculation of total exchange areas. 
The use of these relations reduces the computation 
effort considerably. Noble’s formulations are par- 
ticularly useful for the development of a highly efficient 
subroutine for furnace design calculations. 

The present work employs a stochastic approach, 
which is based on the Markov chain theory [S, 61, to 
calculate total exchange areas of an enclosure with 
diffusely reflecting walls, involving isotropically 
a~orbing~mitting and scattering media. The Markov 
chain theory’ has been shown to be a powerful tool for 
modeling chemical reactor systems [7-101. Recently, 
Naraghi and Chung [ 111 used Markov chain theory to 
determine radiation exchange in enclosures with non- 
participating media. The purpose of this work is to 
further extend the application of Markov chain theory 
to radiative transfer involving participating medium. 
An extensive application of stochastic approach to 
radiative transfer may be found in reference [ 123. 

One of the existing stochastic methods of solution is 
known as the Monte Carlo method which w’as 
developed by Howell and Perlmutter [ 13,141. Recently 
the Monte Carlo method was employed to improve the 
zone method by Vercammen and Froment [lS]. 

In this study, the stochastic approach will be utilized 
to derive three explicit matrix formulations for total 
exchange areas. These relations are identical to those 

obtained by Noble [4]. Furthermore, a simple explicit 
matrix relation is derived which performs the function 
of a!1 three of the above matrix formulations 
simultaneously. This relation is referred to as the 
unified matrix formulation. The application of this 
relation requires much less computational effort as 
compared to the conventional zone method and the 
Noble formulation. 

2. STOCHASTIC PROCESS AND MARKOV 

CHAIN THEORY 

A stochastic process is a description of random 
phenomenon changing with respect to time. It may be 
thought of as a set of random variables x, depending on 
a parameter t with t E T. Here, the time variable t is 
discrete and is in terms of reflection or scattering 
numbers. Hence, the stochastic process used in this 
work is a set of random variables x, depending 
on variable n E N. In short notation, it is expressed in 
the form of X = fx,,noN) or X = (x,,x,,x,,..,> in 
which the x,s assume numerical values equal to 
the zone number of the enclosure. For example, if an 
enclosure consists of two surface zones sr, s2 and three 

gas zones g1,g2,g3 then the stochastic process 

X = (s1,92,9,rs2,91,93,91,s2,...trepresentsaprocess 
whereby a radiative energy bundle initially emitted 
from.surface zone s,, is then scattered from gas zones g2 
and gr, reflected from surface s2, scattered from gas 
zones gl, g3, and g,, reflected from s2,. . . , and finally is 
absorbed by one of the participating zones. Hence, 
stochastic processes can be used to represent radiation 
processes in enclosures. 

A Markov chain is a stochastic process in which the 
following property holds 

PIx”lx,,x1,xz,...,x”-1} -.P{X.IX,-1) (1) 

or that the probability of an event, x,, is only dependent 
on the ~mediately preceding event, x.-t. The 
radiation transport process in enclosures with diffusely 
reflecting surfaces and an isotropically scattering gas 
forms a Markov chain. This is due to the fact that the 
future of the radiative energy bundle after diffuse 
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NOMENCLATURE 

area of the surface i fm’] 
[A,6,j], diagonal matrix with elements 

Ai 
inverse of matrix A 

I - R’ equivalent absorption matrix 
equivalent area matrix defined by 
equation (20) 
[F&J = [ol,&J emissivity or 
absorptivity matrix 
[Si,j], identity matrix 
absorption coefficient [m - ‘1 
scattering coefficient [m- “1 
total extinction coefficient cm-‘] 
spacing between parallel plates 
number of gas zones 
number of surface zones 
direct exchange area from gas zone i to 
gas zone j [m2f 

CsZ&] 
total exchange area from gas zone i to 
gas zone j [m’f 

CGiGjI 
total exchange area from gas zone i to 
surface zone j [m2] 

EG$‘jl 
transition probability (probability that 
the radiative energy bundle goes from 
zone i to zone j) 
EpiJ transition probability matrix 
transition probability for the kth 
transition 
probability that radiation reaches gas 
zone j having been emitted from gas 
zone i, allowing multiple scattering but 
excluding wall reflections 

bwl - 
~obability that radiation reaches gas 
zone j, having been emitted from surface 
zone i, allowing muItiple scattering but 
excluding wall reflections 

Ci%i,l 
probability that radiation emitted from 
surface i reaches surface zone j after 
being scattered exactly k times 

L&,1 
probability that radiation emitted from 
surface zone i reaches surface zone j, 
allowing multiple scattering but 
excluding wall reflections 

probability that radiation emitted from 
zone i reaches zone j, allowing multiple 
scattering but excluding wall reflections 
[piGiJ, matrix of reflectivities 
equivalent reflection matrix defined by 
equation (19) 
direct exchange area from surface zone i 
to gas zone j [m*] 

CsQZl 
total exchange area from surface zone i 
to gas zone j [m’] 

[&Gjl 
direct exchange area from surface zone i 
to surface zonej [m*I 

cs@Il 
total exchange area from surface zone i 
to surface zone j [m*] 

Cs,s,] 
volume of gas zone i [m3] 
[F$Si,j], volume matrix 
random variable 
stochastic process 
partitioned matrix defined by equation 

(17) 
partitions matrix defined by equation 

(18). 

Creek symbols 

@i absorptivity of surface zone i 

si emissivity of surface zone i 

Pi reflectivity of surface zone i 

TO optical thickness between parallel plates 

@a kJk,, albedo for scattering. 

Subscripts 
S designates surface zone 

g designates gas zone. 

~u~~~ip~ 
* denotes dimensiotiess exchange area, 

e.g. ST* = A-$ ST* = A-‘$@, 
gT = [4k, V-J-‘& gT* = [4k,VJ-‘~3, -- 
a* = [4kV-J-‘GG, SG* = @A]-‘5 

and E* = [EA]-‘5. 
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reflection and isotropic scattering is independent of its 
past history. The probability that the radiative energy 
bundle, having been emitted from zone i, reaches zone j 
is called the transition probability. In short notation the 
transition probability can be written as 

p{x, = jlx,_ 1 = i} = pi,j. (2) 

Note that the transition probability represented by 
the above equation does not change with time (0). The 
Markov chains with this property are called time- 
homogeneous Markov chains. For a k-state time- 
homogeneous Markov chain, the transition prob- 
ability matrix is 

Pl.1 P1.2 ..’ P1.k 

P2 1 P2.2 ..’ P2.k 
p= : . . . 

1: I 

(3) . . . . . 

Pk,l pk.2 “’ pk,k 

An m-step ‘transition probability, p$), is defined by 

p{x, = jlxO = i} = pi;) (4) 

i.e. the probability that the process reaches state j in m 
transitions having initially begun from state i. For a 
Markov chain we can write [6] 

cp$‘] = P,P,P, . P, (5) 

where P,, P,, P,, . . , P, are the transition probability 
matrices for the first, second, third, and . . . , mth 
transitions, respectively. If these transition prob- 
abilities are equal, i.e. P, = P, = P, = ... = P, = P 
then 

cp!9] = pm. W (6) 

Equations (5) and (6) can be used to calculate m-step 
transition probabilities in terms of single-step 
transition probabilities. 

3. ANALYSIS 

The property of the Markov chain given by equation 
(5) will be used to calculate the probability that 
radiation, having been emitted from zone zi of an 
enclosure, will be absorbed by zone zj in the same 
enclosure after multiple reflection and/or scattering. 
These probabilities are identical to the dimensionless 

total exchange area ZiZj*. 
The dimensional and dimensionless total exchange 

areas are related to each other according to the 
following relations : 

ZiZj = &,ZiZj* when zi is an emitting surface 

ZiZj = 4K,l/iZiZj* when zi is an emitting volume. 

By definition, the dimensional total exchange area 

ZiZj is the ratio of the radiation energy emitted from 
zone zi, which is absorbed by zone zj (directly or after 
reflection from other zones) to the total hemispherical 
emissive power of zone zi. We define, pllli as the 

probability that radiation emitted from zone zi reaches 
zone zj, allowing multiple scattering but without wall 
reflection. The relations between pzir,s and direct 
exchange areas will be developed in the following 
section. Using the transition probability matrix, the 
total exchange areas are calculated. 

3.1. Three matrix formulations 
In this section three separate matrix relations for the 

total exchange areas will be derived. The transition 
probabilities are identical to the dimensionless direct 
exchange areas, i.e. sS* = L’s%, ST* = A-‘sg, @* 
= [4k,VJ7-‘@and gs* = [4k,V]-‘gg. This is because 
the dimensionless direct exchange area, zx, is the 
fraction of energy emitted from zone zi that reaches 
zone zj by direct radiation, without reflection or 
scattering from other zones ; this quantity is identical to 
the probability that an energy bundle emitted from 
zone zi reaches zone zj by direct radiation. For 
convenience, the same notation as was used in [4] will 
be employed herein. 

We first calculate the probability that radiation 
emitted from surface i reaches surface j without wall 
reflection, P,,,,. The radiative energy bundle is allowed 
to be scattered by the gas zones any number of times (see 
Fig. 1). We define Pit’ = [pi:J,], where p$i, is the 
probability that radiation emitted from surface i 
reaches surface j after being scattered exactly k times. 
Since the radiation process in an isotropically 
scattering gas forms a Markov chain, using equation 
(5), we can write 

pm = ss* ss 

p(1) = ss*wogs* ss 

P@’ = s~*wog~*oo~* ss 

Pi?’ = s~*wog~*oog~*oo@* = s~*(wog~*)2wo~* 

Pi;’ = sq*wog~*wog~*. . . wags* 

= s@*(oog~*)k- ‘wo@* 

P,, = cp,,,,] = f P$’ = 3 +sEy 
k=O 

x [I + w0gg* +(oOgT*)2 + . . .-JoogF* 

= ss*+sg*[I-c30gg*]-‘wogs*. (7) 

Note that the convergence of the above series is assured 
because 

Ilwoss* II < 1 

where II- 11 is the norm of the matrix. It should be 
emphasized that the above formulation is valid only for 
an enclosure with diffuse and isotropic scattering 
media, otherwise, the Markov chain property is not 

satisfied. Now we proceed to calculate the matrices %?+ 

and %?. We define s*(‘) = [SiSj*(k)] where SiSj*(k) is 
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FIG. 1. A possible route that radiative energy bundle could 
travel between two surfaces (no wall reflection, allowing gas 

scattering). 

the probability that radiation emitted from surface i is 
absorbed by surface j in exactly k reflections from 
surfaces, allowing multiple scattering (see Fig. 2). The 
multiple scattering is already included in transition 
probabilities P,,. Based on the Markovian property of 
diffusely reflecting radiation and equation (5), we can 
write 

ii?*(‘) = P,E 

,*@) = P,,RP,E 

%?*(3f = P,,RPJtP,,E = (P,,R)‘P,E 

iii*(“) = P,,RP,RP,,R...P,,E = (P,,R)k-‘P,,E. 

The dimensionless total exchange area ?@ is the 

summation of all E+% i e > . . 

ii* = f SS*(‘) = [I + (P,,R) + (PS,R)2 + . . .] P,,E 
k=l 

= [I-PssR]-‘P,E. (8) 

Substituting for P,, from equation (7) we obtain 

i?i* = [I-~(ss*+wc~*[I-oog~*]- “@*}R]-’ 

.{~~*+w,s~*[I-w~g~*J-‘g~}E. (9) 

FIG. 2. A possible route that radiative energy bundle could 
travel between two surfaces (allowing wall reflections and gas 

scattering). 

FIG. 3. A possible route that radiative energy bundle could 
travel between a surface and a gas zone (no wall reflection, 

allowing gas scattering). 

The dimensional version of the above expression is 

ii = EA[A-{~+w,sg[4k,V--Wog~-1~}R]-1 

~{sS+wos~[4k,‘V-oog~]-‘gS)E. (10) 

Next we calculate the total exchange area between the - - 
surface and gas zones, SG * or SG . We define psigj as the 
probability that the radiative energy bundle reachesgas 
zone gj, having been emitted from surface s,, allowing 
multiple scattering but excluding wall reflections (see 
Fig. 3). Based on the Markovian property of the 
radiation the processes in isotropically scattering 
media and equation (5), we can write 

P,, = CPSJ 

= s@* + s@%IOog7j* -t- s@*oog~*weg~* + . . . 

= s@* [I + wegT* + (wcg~‘)2 + . . e-J 

= s%j*[r-cu,gT*]-l. 

The radiation initially emitted from the surface zone si 
can reach gas zone’ gj via scattering without wall 
reflection or with a number ofwall reflections. Based on 
the Markovian property of radiation process in 
enclosures diffusely reflecting walls and equation (5), we 
can write 

- 
SG* = P,,(l-w,)+P,,RP,,(l-w,) 

+PSSRP,RP,,(l -o~c,)-i- I.. 

= [f+P,R+(P,,R)*+ ~..]P,,(l-fqJ 

= [I - P,,R] - ’ P9( 1 - oO). 

Upon substitution of P,, and P, from equations (7)and 
(1 l), respectively, we obtain 

SC* = rr-ISS*+woss*[f-w,g~*]-‘ss*~R]-’ 

~s~*~r-w,g~*]-‘(l-w,). (12) 

The dimensional form of the above equation is 
- 
SG = EA[A--~+o,s~[4k,V--oog?j3-‘~~R]-’ 

.~~[4k~~-~~g~-i[4k~~](l-~~). (13) 
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By the reciprocal rule, ?% can be obtained from the - 
transpose of SC. 

The radiation exchange between two gas zones 
consists of two parts, (1) radiation between two gas 
zones without wall reflections and with gas scattering 
(see Fig. 4(a)), and (2) radiation between two gas zones 
with a number of wall reflections and gas scattering (see 
Fig. 4(b)). 

First, we calculate the probability that radiation 
reaches gas zone gj having been emitted from gas zone 
gi without wall reflections. Based on the Markovian 
property of gas scattering we can write 

p,, = r&J 
= gy* + gJ*oog~* f g~*wog~*wog~* + . . . 

=g~*[r-wog,*]-‘. (14) 

The total exchange area between two gas zones is 

GG* = P,,(l -w,)+P,,RP,,(l -me) 

+ P&P,&‘& -00) 

+ P,,RP,, RP,,RP,,( 1 - w,,) + . . 

= P,,( 1 - w,,) + P,,R[I - PS,R] - ‘P,,( 1 - wr,). 

Substituting the expressions for P,,, PBS, P,, and PSB we 
arrive at 

GG* = gs*[I-oOgs*]-‘(l-w,) 

+[I-cowog~*]-‘gTR 

.[I-{sS+o,@*[I-co,@*]-‘gT}R]-’ 

.s@*[I-w,g~*]-‘(l-wg). (15) 

The dimensional form of the above expression is 

- -1 GG = (l-w,)*[4k,V]g~[4k,V-~~~gg] 

+(l -co&4k,V] [4k,V-wogjl- ‘@R 

~[A-{ti+w&[4k,V-w,g~-’ 

~@}R]-‘sg~[4k,V-w,g~-‘[4k,V-J (16) 

The above three formulations are identical to those 
derived by Noble [4] using a radiosity approach. 
Appendix A demonstrates an application of equations 

a 

(lo), (13) and (16) to a problem which deals with 
radiation between two infinitely long parallel plates 
with an absorbing-emitting and scattering medium 
between them. 

3.2. Unified matrix formulation 
In this section a single matrix relation will be derived 

to give the total exchange areas in terms of direct 

exchange areas in one expression. We define ZT and ZZ 
matrices as 

n m 

and 
n m 

SS'E n 

-E 3 zz= _A__ 

GS/GG m 

and an equivalent reflection matrix as 

n 

R’ = 

m 

(17) 

18) 

(19) 

where n is the total number of surface zones and m the 
total number ofvolume zones. The absorption matrix is 

A’ = I-R’. 

We also define an equivalent area matrix 

n m _ 

B= 

b 

n 

. c20) 

m 

FIG. 4. Possible routes that radiative energy bundle could travel between two gas zones, (a) no wall reflection, 
allowing gas scattering, (b) wall reflection plus gas scattering. 
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The dimensionless direct exchange area matrix is 

z? = K’ZZ. 

Entries of matrix z7 are identical to the probabilities 
that energy bundles emitted from zone zi reached zone 
zj by direct radiation. Hence, it is the transition 
probability matrix. 

Based on the Markovian property of radiation 
processes in enclosures with diffusely reflecting walls 
and isotropically scattering media we can write 

ZZ* =z?A’+zz-R’z?A’+zYR’z?R’zYA’+ ... 

= [I-zYR’]- ‘zTA’ (21) 

where z?A’ , zYR’z? A’, z?R'zYR'zYA' . . . give 
the probabilities that energy bundles are being ab- 
sorbed in one, two, three . . . transitions, respectively. 
The dimensional form of equation (21) is 

?% = A’B[B - z?R’] - %A’. (22) 

The above equation simultaneously performs the same 
function ofthe three explicit formulations derived in the 
previous section. Appendix B demonstrates the 
application of the above formulation to the same 
sample problem in Appendix A. It is seen that the results 
obtained using equation (22) are identical to those 
obtained by equations (lo), (13) and (16) together. 

4. CONCLUSION 

A new stochastic approach for analyzing Hottel’s 
zone method is developed. This method provides 
explicit matrix relations for the total exchange areas. 
The unified formulation presented in this study 
performs the same function as that of three existing 
formulations. Use ofequation (22) for computer coding 
greatly reduces the program size and programming 
efforts. 

The present approach can be further extended to 
radiative exchange in enclosures with bidirectionally 
reflecting surfaces and anisotropically scattering 
media. A preliminary analysis is given in [16] on the 
basis of multiple Markov chain theory [6]. 
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APPENDIX A 

Consideration is given to two infinitely long parallel plates 
with an absorbing-emitting and scattering medium between 
them. The optical thickness between the plates is r,, = K,L 
= 1; the albedo for scattering w,, = 0.5 and the emissivity of 
the surfaces are Ed = 0.3 and s2 = 0.7. The medium is divided 
into three zones. The direct exchange areas can be obtained 
from the formulations given in reference [Z], they are 

0.21938 

0 1 (Al) 

0.43021 0.22158 0.12883 - 

” = 0.12883 0.22158 0.43021 1 
p = s$ 

642) 

(A3) 

and 

0.47291 

[ 

0.20864 0.09275 

g3 = 0.20864 0.47291 0.20864 

0.09275 I 0.20864 0.47291 

Application of equations (lo), (13) and (16) yields 

(A4) 

sS= 
0.01620 0.07617 

0.07617 0.10631 1 (A5) 
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SC= C 0.09884 0.06359 0.04521 Based on equation (19) the equivalent reflection matrix is 

0.12962 0.15849 0.22942 1 (A6) 

cS=sC (A7) 

and 
R’= 032) 

0.22434 0.13115 0.08273 

-[ 

GG = 0.13115 0.19644 0.11701 1 W) 
0.08273 0.11701 0.19231 

A’=I-R’. 

The total exchange shown by equations (A5), (A6) and (A8) 
From equation (20) the matrix B is given by 

are obtained by using three tedious matrix formulations. As 
seen in Appendix B, the same total exchange areas will be 
calculated using one simpler fo~ulation. 

B= (B3) 

APPENDIX 6 

The same problem introduced in Appendix A will be solved 
Application of equation (22) leads to 

using the u&ed matrix given by equation (22). The direct 
exchange area matrix is, from equation (17), 

zZ= 

000000 I 0.12883 0.22158 

E= . 
0.22158 ! 0.20864 0.47291 

0.01620 0.07617 / 0.09884 0.06359 

0.07617 0.10631 I 0.12962 0.15849 0.22942 

0.09884 - 0.12962 ;-0%434- %.i3il? - 0.08273 , 
0.06359 0.15849 ; 0.13115 0.19644 

0.04521 1 

0.11701 

0.04521 0.22942 1 0.08273 0.11701 0.19231 

034) - 
b.12883 0.43021 ) 0.09275 0.20864 0.472911 The partitions of ZZ matrix given by equation (B4) represent 

SS, SG, GS and ?% matrices which are identical to equations 
(Bl) (A5HA8), respectively. 

UNE FORMULATION MATRI~IELLE UNIFIE POUR LA METHODS DES ZONES : UNE 
APPROCHE STOCHASTIQUE 

R6amn&--Une nouvelle approche basQ sur la theorie de Markov est utilis&e pour dtriver trois relations 
matricielles explicites pour les aires d&change de la methode des zones. Ces relations sont identiques a celles 
publiees pre&emment. La m&me methode est utilisee pour obtenir une relation matricielle explicite unique 
pour les aires d’echange total. Cette expression est si generale qu’elle couvre la meme fonction que les relations 

ci-dessus mention&es. 

VERALLGEMEINERTE MATRIXBEZIEHUNG FUR DAS ZONENVERFAHREN: 
EINE STOCHASTISCHE NAHERUNG 

Zusammenfassung-Ein neues Naherungsverfahren, das auf der Markov-Theorie be&t, wird dazu 
verwendet, drei explizite Mat~x-~~ehun~n fiir die G~~taustausc~~chen des Zonenve~~rens zu 
entwickeln. Diese Beziehungen sind mit den friiher veriiffentlichten identisch. Dame&e Verfahren wird dazu 
verwendet, eine einzelne Matrixbeziehung f&die Gesamtaustauschfhichen zu entwickeln. Dieser Ausdruck ist 

so allgemein, daB er die zuvor erwihnten Beziehungen mit abdeckt. 

AHHOTSII~WF--HOBEJ~~ MeTOg, OcHosamibr~ Ha TeopnH ueneii Mapxoea, rfcnonb3oBau ,!mn BMBO~ apex 

MaTpHYHblX cooTHomeHns iJ IlBHOM BHne Ann onpenenefw CyMMapHblX noBepxHocTeii nepeHoca B 

30HaJlbHOM MeTOM. 3TH COOTHOllIeHHIl NAeHTHWibl Ony6nHKOWUibIM PaHee. %HM XR MeTOAOM 

nonyseeo omio hiarpmuioe coortiomemie a nmio~ mine n.nn onpenenemfn cyhwapribtx noaepxeocreii 
o6weaa. Bbtpazfreune HOCHT HaCTOJIbKO 06maii XapaKTep, VT0 MOxeT ZfCnOJlb30BaTbCII BMeCTO 

yKa3itHHblX COOTHO~eHH~. 


